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What and why?

@ What is the concentration of measure phenomenon?
This refers to the phenomenon that there are certain ways to combine
random variables that produce r.v. that are concentrated around their
expectation. One of the main case of interest are averages of independent
variables.

o Why do we need it for reinforcement learning?
RL require to make decisions in the presence of “uncertain uncertainty”,
r.v.s whose distributions are not known initially. This requires to be able
to produce confidence intervals (or confidence regions) for these r.v. in
the environment that are not yet know, but that are typically being
learned in the RL algorithm.

@ Why is the central limit theorem not sufficient?
The CLT only produces asymptotic Cls with an error which is a priori not
quantified.
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Union bound
Let A1, Ag, ..., Ax be events. We have

P(A1UA2U...UAk) SP(Al)—F]P)(AQ)-l-...-FP(Ak)

Proof.
E[lAlquu...uAk] < E[]-Al +1a,+...+ 1Ak].

Example

Let X; ~ N(0,02) (not necessarily independent)

T

2

P(max X; > x) = P(U {X: > x}) < 3 P(X: > x) < Texp ( _ 2%)

t=1

So with probability 1 — §, we have

T
Xga\/2logg
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Markov, Chebychev and Chernoff

Markov inequality

E[X
If X >0 a.s. and t > 0, then P(X > t)gL

Chebychev inequality

Var(X)

vt >0, P(X —E[X]>1t) < 2

Chernoff inequality

P(X > t) < inf e " E[e™]
r>0

Note that r — E[e’x] is the moment generating function (MGF) of X.
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Cramér-Chernoff Method
Vr >0,

P(X >t) < e_rtE[erX] =exp (vx(r) —rt) for x(r) = IogIE[e'X]

Y is the log MGF of X, aka cumulant generating function if E[X] = 0.
Since this true for all r > 0 if

Ux(t) = sup rt — ¢x(r),

r>0

then we have

P(X > t) < exp(—x(t))

e 1 is called the Cramér transform of X

o If t > E[X], then ¢)x(t) =suprt —x(r),
reR
i.e., ¥y is the Fenchel-Legendre conjugate of ¢x.
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Applying the Cramér-Chernoff to the Gaussian
Let X ~ N(0,0?), then

2?2 r-o t2

Ele*]=e, w()=— ¥(t)=55

t

So that 1—0(t) =PX >t)<e V() =e 27

But it is well-known that for all t > 0,

<1 1) L e_zti22 <1-o0(t) < ! ! e_2t722
t 3/ \/or52 - —t V2702 .
In fact
(1—o(e)) 2 =
su — €22 = — .
tzg 2

So the Cramér-Chernoff produces a relatively good bound.
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MGF inequality for bounded r.v.
Bernoulli r.v. X

For Xg ~ Ber(), we have E[e*6] =1 — 0 + fe®

Any bounded r.v. X on [0, 1]
If E[X] = 6, Vs € R, we have E[eX] <E[(1—X)+ Xe*] =1— 0+ 0e°

So
E[esx] < ]E[eSXB] =1—0+0e°.
And
E[esX-9] <E[e5XE=0)] = (1 — 9 + fe*)e 0 = ?(5),
with

¢(s) :=log (1 — 0+ 0e®) — sb.

Fundamental Concentration Inequalities 11/24



Key inequality (Hoeffding's Lemma)

2
Let ¢(s) :=log (1 — 6 + 6e®) —sf. We have ¢(s) < % .

Proof.
2
By Taylor-Lagrange ¢(s) = ¢(0) + s¢'(0) + %gf)”(t) with t € (0, s).

P(t)+6= Oe’ = ! with o =17¢
1—0+0et 14+ et “= e

—t
¢"(t) = ufzﬁ = F(0)(1-¢(1) < % since /(1) < 1.
So ¢(0) =0,¢'(0) =0 and, by T.-L.,
2 2
ols) < So"(0) < -
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Bounded r.v. are sub-Bernoulli and thus sub-Gaussian
Let

e X bear.v.on [0,1] with E[X] =0
e Xpg ~ Ber(0)
° XG NN( 4)

= log (1 0+ 0e® )

Then  E[eX-0)] < E[esXa- 0)] &) < o7 = E[e¥e] .
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Bounded r.v. are sub-Bernoulli and thus sub-Gaussian

Let

e X be ar.v. on [0,1] with E[X] =6

e Xp ~ Ber(0)

o Xg ~ N(Oa %)

o ¢(s) :=log (1 — 0+ 0e°) — sb.
Then Vs > 0, E[es(x_o)] < E[es(XB_e)] = %) < e% = E[esxG] .
Now, let

@ Y be a random variable on the interval [a, b]

o X =

_:G[O,l]sothatYz(b—a)X—i—a.
o Y=Y—E[Y], X=X-E[X], Xg=Xs—E[Xg],
We have Y = (b—a) X and

E[esV] = E[e5(b-9X] < E[eslo-a¥e] = olslb-a) < =52
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Hoeffding inequality
Let X; be independent bounded r.v. such that
o E[X;] = 0 and X; has support in [aj, b;].

1 1
Let 72 := - ZT,? with 77 := Z(bi — a;)%. Note that Var(X;) < 72.

2 n
i 1
Then Vx > 0, IP’(X > x) < exp ( - %) with X:= =Y X.
T n
i=1

Proof P(32:Xi > nx) = P(exp (s>;Xi) > exp(snx))
< efsan[Hi e,sX,-] — @ Snx Hi E[esX,-]

< exp (—snx + % >i(bi — ai)?)

= exp ( — snx + %m-z)
nx? X
Thus ]P’(Z,-X,- > nx) < exp < — ﬁ) by setting s=— >0
T

nr2

which minimizes the RHS w.r.t. s. O



Comparing Hoeffding with the CLT
Let X; be independent bounded r.v. such that
o E[X;] = 0 and X; has support in [aj, b;].

1 1
Let 72 := = 2 with 72 := =(b; — a;)>.
o Let T ”ZTI with 7; 4(b aj;)
1
Let 02 := = 2 with 02 = X;) < 72
o Leto ”Z,-:UI with of = Var(X;) < 7;
By the CLT:
VX D xr with XF ~ N(0,02)

We can compare:
X2

Hoeffding: P(\/EY > X) < exp ( - ﬁ)
CLT: P(ﬁ? > x) — ]P’(X* > x) < %% exp ( - ;7:2)
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High probability statement of Hoeffding's inequality

1 n
As before let 72 = = g (bi — ai)z-
n
i=1

Hoeffding inequality
2
IP’(Y>X> Sexp(—%)
By setting the RHS to 4, we obtain the following reformulation.

High probability statement:
_ 2 1
With probability 1 — 45, X </~ - 2log <7>
n 1)

n
Or equivalently ZX,- <
i=1
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Sharper than Hoeffding: the Chernoff-Hoeffding inequality
If X; are independent r.v. on [0,1] with E[X;] = 6;, then

P( 32X > q) < exp (- nKL(q]0))
with  KL(q||f) = qlog ¢ + (1 — q) log =3
Proof
P(>;Xi > ng) = <exp (s>Xi) > exp(an)>
<e anE[H sx] — e ] IE[ sx]
=e L, (1 —0; + 0;e°)
<e M (1-0+0e°)" with 0=1%0,

by the arithmetico-geometric inequality.
Let ¢(s) = nlog (1 — 6 + 0€®). Then ¢/(s*) — nqg = 0 iff

*

fe® B N s g 1-6
1-6+6es 7 “1-q 0
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Sharper than Hoeffding: the Chernoff-Hoeffding inequality

We found '(s*) — nq = 0 iff

*

fe® B o oo 4 1-10
1-0+6es 7 “1-q 0
s*
log P(}",X; > ng) < nlog (92 ) —s"nq
i 1-6 i
<n|og +s* n(l—q)_nloga (1—q)[|og1q Ioga]
= —nqlog § — n(1— q)log 1=§ = —nKL(ql6)
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Bennett's inequality

Let X; be independent bounded r.v. such that
(] E[X,] =0 and ]P)(X,' < 1) =1.

1

1
o Let 0 = — E o? with o7 = Var(X;) < 77
n =
1

Then

P(L5: X > x) <exp(—no?h(Z5))

o2

for h(u) = (1 + u)log(1l + u)

Or equivalently

(s5r5) oot s 1+5)

see, e.g. Boucheron et al. (2003) for a proof.
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Bernstein's Inequality
Bennett's inequality: IP’(% o Xi > x) < exp ( —no? h(%))
g

for h(u) = (14 u)log(l+u) but h(u)> L

Bernstein's inequality

I'IX2
P(1y. X < o S—
(35X >x) <ew < 2(o2 +x/3))
compare with Hoeffding's inequality
2
1 x. < _ X
IP’(n Yo Xi> x) < exp ( 27_2>

o If x < o2 this captures the right asymptotic variance

o If 02 + x/3 > 72 then this is worse than Hoeffding

o But when 02 + x/3 < 72 it captures relevant behavior for small o2
e e.g. Bin(n,\/n) — Poisson()\) with tail in e™*.
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High probability statement of Berstein's inequality

Bernstein's inequality

]P’(%Z,X,- >x> gexp<—2(a+(2x/3))

By solving for x in t = nx? a + x/3 we get

. i / 2a2t i 2a2t
3n 3
202t t
X; <et
< ) >\ — +3n) e

So that with probability 1 —§ , we have

202log(3) log(})
1 0 )
LS X > 1/ ¥
n 2ai i > n 3n

we get
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